It is assumed that in Seyfert galaxies the gas-dusty medium exits near the centre in the form of a molecular and dusty torus and equatorial flow. These objects have spectral lines emission of hydrogen, helium and other atoms. We derived the spectral line radiative transfer equation for such media. This equation has dimensionless extinction factor of the form: α(ν) = ϕ(ν) + β, where ϕ(ν) describes the shape of spectral line emerging from excited atom and β = δ + γ . Small factor δ is proportional to absorption cross-section, describing the collisional destruction of the resonance photons. The factor γ describes the extinction of the line radiation due to scattering on non-resonant atoms and due to absorption in dust grains. The term of transfer equation describing the scattering on resonant atoms is proportional to ϕ(ν)/(ϕ(ν) + β). Thus, the radiative transfer equation depends on only one parameter β, independent of frequency ν. Using the known method of resolvent matrices, we obtain the exact solution of vectorial radiative transfer equation for various sources of non-polarized radiation in semi-infinite atmosphere. Homogeneous, linear increasing and exponentially decreasing sources are considered. We present the intensity and linear polarization values for radiation emerging from semiinfinite medium for different values of parameter β. We consider the Doppler shape of a spectral line which is a good approximation for central part of the spectral line. The β -dependence of shape of the line, angular distribution of radiation and the polarization degree is presented.
Introduction
The observation of absorbing and emitting spectral lines is the most important method of investigation in astrophysics. For this reason the radiative transfer problems in spectral lines are considered in huge numbers of papers. At first only the intensity of spectral line was considered. The angular distribution of scattered radiation was assumed isotropic. We remind only some of references in the time order In particular, the problem of scalar spectral line transfer was presented in book by Ivanov (1973) in full. The detailed discussion of scalar spectral line transfer in stellar atmospheres is given in the book by Mihalas (1982) .
The allowance of non-isotropic scattering of polarized spectral line radiation is more difficult problem. The number of papers devoted to this problem is less than ones devoted to problems without polarization (see, for example, Rees Faurobert et al. 2013 ). It should be also noted the series of papers by Ivanov 1995 Ivanov , 1996 Ivanov et al. 1997a ,b, and the papers by Dementyev 2008 Dementyev , 2009 Dementyev , 2010 . The short review of the problem with the allowance of the radiation polarization was presented by Nagirner (1985) .
The polarization of spectral line depends on the influence of magnetic field ( see Faurobert 1987; Faurobert-Sholl 1991 , 1993 Stenflo 1994 We present here the transfer equation for polarized spectral line radiation in media considering three types particles -atoms with resonant level, atoms without resonant level and dust grains. These media exist near the centre of Seyfert galaxies in the forms of gas-dusty torus and the equatorial flow (see, for example, the reviews by Marin 2014 Marin , 2016 .
Usually one considers the vectorial radiative transfer equation for the intensity I and the Stokes parameter Q which describe axially symmetric problems ( parameter U = 0). This equation (see Eq. (1) in the next section) contains two parameters: β and λ = 1 − q describing the absorption in continuum nearby the wavelength of spectral line and the absorption q of the spectral line radiation due to collisional destruction of spectral line per scatterings of atoms with one another. One assumes that pa-rameters β and q are independent with one another and are independent of frequency ν.
Radiative transfer equation
for Stokes parameters I(τ, ν, µ) and Q(τ, ν, µ) in the case of spectral line
First we introduce the (column) vector with the components (I, Q), where I(τ, ν, µ) and Q(τ, ν, µ) [erg/cm 2 Hz s sr] are the intensity and the Stokes parameter, respectively. We consider the axially symmetric problem, when the Stokes parameter U = 0. In problems depending on azimuthal angle ϕ our transfer equation describes the azimuthally independent part of radiation, which usually is the most large part of the total radiation (see Chandrasekhar 1960) .
For investigation of multiple scattering of resonant radiation one uses the vectorial transfer equation of the general form (see, for example, Ivanov et al. 1997a Ivanov et al. , 1997b Dementyev 2008) :
where ν is the frequency of light, µ = cos ϑ. The angle ϑ is the angle between the line of sight n and the normal to the plane-parallel atmosphere N. The dimensionless extinction factor of a spectral line is α(ν) = ϕ(ν) + β. The function ϕ(ν) describes the shape of spectral line emitted from excited atom. The factor β = σ describes collisional destruction of excited atoms. This cross-section is assumed to be independent of frequency ν. This assumption is true if the energy of atom's collisions is much higher than the energy corresponding to the width of resonant line. Parameter q is the degree of absorption. Usually one assumes that q is independent of frequency. The optical depth dτ = N res σ (s) res dz takes into account the mean scattering factor in a line. Parameter N res is the number density of resonant atoms. The matrix P (ν, µ; ν ′ , µ ′ ) is the probability that radiation with frequency ν ′ and direction n ′ after scattering acquires the frequency ν and direction n. The source term s(τ, ν) describes the non-polarized isotropic radiation due to the Plank thermal radiation. Frequently one takes β << 0.01 (see, for example, Ivanov 1973) .
The transfer equation (1), discussed above, describes the radiative transfer in medium consisting of resonant atoms. The allowance of non-resonant atoms gives rise to additional term in parameter β independent of frequency. Usually one assumes that β and q are independent with one another, and are independent of frequency. Of course, this assumption has an approximate character.
Below we consider more successively three-component medium consisting of atoms (or molecules) with resonant level, atoms without the resonant level and dust grains. The number densities of these components are N res , N atom and N grain , respectively. The corresponding cross-sections are σ 
res . We know that the direct propagation of radiation is described by the relation: I direct = I(0) exp (−z/l 0 ), where l 0 is the free path of radiation. The value of l 0 is related with particular free paths by the known formula:
To derive the scattering term in transfer equation for resonant radiation, we are take into account that the incident radiation can collide with various particles according to corresponding probabilities P grain . To describe the light scattering on resonant atoms we are take into account only the P (c) res -probability. Clearly, the sum of all probabilities are to be equal to unity. It is also clear from physical point of view, that the probabilities are proportional to the values N res σ (t) res (ν), N atom σ atom and N grain σ (a) grain with the proportionality factor A. The normalization condition -the sum of all probabilities is equal to unity, gives A = l 0 . Thus, the probability P (c) res acquires the form:
where the parameters δ and γ are:
We consider the symmetric form of spectral line, i.e. ϕ(ν) = ϕ(ν 2 ). This gives P (c)
. If the resonant photons collide with resonant atom, only part of them -
, undergoes the resonant scattering. Thus, the total probability to undergo the resonant scattering is equal to production:
As a result, we obtain the following radiative transfer equation for spectral line:
Here we take dτ = N res σ (s) res dz; ϕ(ν) describes the shape of the line (see below), α(ν) = ϕ(ν) + β is dimensionless extinction factor. The source term describes the scattered isotropic Plank's radiation s(τ ). The factor β in our case is described by the expression:
Parameter β = δ + γ is independent of frequency, whereas q ef f (ν) = β/(ϕ(ν) + β) depends on ν.
The numerical calculations, presented in Ch. 6, demonstrate that the dependence of q ef f on frequency is very important (for example, the maximum difference between line shapes is ∼ 45% for linearly increasing sources, and is ∼ 20% for homogeneous sources at β ≃ 0.01). Note, that for the polarization the difference is higher.
Thus, we can not assume that the q ef f (ν) -factor is independent of frequency. Real parameters independent of frequency are δ and γ. It is important that the parameters δ and γ appear in radiative transfer equation (5) as a sum δ + γ = β. This is quite naturally because both parameters have the same physical meaning -they describe absorption of the line intensity by various mechanisms. Note, that frequently one consideres the case of the absence of absorption (β = 0). In this case the equation (5) coincides with equation (1), where q = 0 and β = 0 are taken.
The cross-section of resonant scattering in optical range is of the order σ res ≃ 10 −16 cm 2 (see, for example, Gasiorovich 1996) . The cross-section of scattering of non-resonant radiation is much lesser σ atom ≃ 10 −28 cm 2 . Remind, that the Thomson cross-section of scattering on free electrons is ∼ 10 −25 cm 2 , larger than atom's cross-section. The cross-section σ grain ∼ r 2 >> σ atom , where r is the radius of a grain. This means that the factor N atom σ atom is very small compared with the term N grain σ grain , if the number density of non-resonant atoms is not much higher than the number density of grains. Usually such inequality does not hold and the term N atom σ atom can not be taken into account.
The normalized function ϕ(ν) describes the shape of line. Frequently one uses the limit forms -Gaussian or Doppler
and the Lorentz
Here ν where the thermal velocity is determined by the temperature u 2 th = 2k B T /m, and the turbulent velocity is determined as a mean value of chaotic macroscopic motions u 2 turb = u 2 (r, t) . The value δ 0 depends on widths of the atomic energy levels. The Gaussian form of a line arises as a result of Doppler's frequency shifts due to thermal and turbulent motions of atoms and molecules. This form usually corresponds to the centre of a line. The Lorentz form characterize the wings of a line which are frequently blanketed by line environment. Introducing dimensionless frequencies x = (ν − ν 0 )/∆ν D or x = (ν − ν 0 )/δ 0 , we derive from Eqs. (7) and (8) the usually used functions:
The expressions (10) and (11) present the limit cases of function ϕ(x). There exists the Voigt formula which presents expressions (10) and (11) as a limit cases:
Here parameter a is the ratio of line width due to emission and atomic impacts to the Doppler width.
, and expression (12) transforms to formula (10) (see Ivanov 1973) .
The matrixP (ν, µ; ν ′ , µ ′ ) in general has very complex form (see McKenna 1985; Landi degl 'Innocenti & Landolfi 2004) . This is the reason why one uses model of full redistributed frequencies:
Apparently, that formula (13) corresponds to the case when during the lifetime of atomic level many impacts occur. The matrixP (µ, µ ′ ) has the form :
and
The matrixÂ(µ 2 ) is (see Ivanov et al. 1996) :
Here parameter W depends on quantum numbers of transition atomic levels. For simplest case of dipole transition W = 1. Our calculations in Ch 6 correspond to this case. Note that the superscript T will be used for matrix transpose. Using the dimensionless frequencies x and identity (15) , the transfer equation (5) can be written in the form:
This equation can be presented as:
The vector K(τ ) is determined by the expression:
Radiative transfer equation (18) can be written in the form:
where the vector S(τ ) is introduced by the expression:
The vector I(τ, x, µ), according to Eq. (20), can be written as:
Substituting these expressions into Eq. (19) , and taking into account that matrixÂ T is even function of µ, we derive the expression:
Using the formulas (21) and (23), we obtain the integral equation for S(τ ):
The free term g(τ ) has the form:
The matrix kernel of integral equation (24) is the following:
Note that the matrixΨ is symmetric:Ψ T =Ψ. This property gives rise to symmetry of kernelL T = L. The explicit form of matrixΨ(µ 2 ) is the following:
4 Solution of integral equation for S(τ ) using resolvent matrix
According to the standard theory of integral equations (see, for example, Smirnov 1964 , Tricomi 1957 ), the solution of Eq. (24) can be presented in the form:
where the resolvent matrixR(τ, τ ′ ) obeys the integral equation:
This equation can be obtained from Eq. (24) by simple process of successive iterations. Taking the matrix transpose in this series of iterations and using the propertyL(|τ
, we obtain the relation:R
It follows from Eq.(30) that
This equation coincides formally with Eq. (24), and, consequently,R(τ, 0) can be written in the form:
whereÊ is diagonal unit matrix andR(p) denotes the Laplace transform:
According to relation (31) we haveR(0, τ ) = R T (τ, 0). Transposing Eq. (33), we obtain the following equation forR(0, τ ):
Differentiation of first Eq. (30 ) over τ ′ and the second -over τ gives rise to the equation:
(36) The expression in parentheses is proportional to matrixR(0, τ ′ ). This matrix can be separated out expression (36) . The remainder part obeys the equation (32), i.e. is equal toR(τ, 0) . As a result, one can obtain the following relation (see, Sobolev 1969):
This relation means that the resolvent matrixR(τ, τ ′ ) can be obtained, if we know two auxiliary matrices, depending on one variable -τ or τ ′ . The Laplace transform over τ and over τ ′ of the matrixR(τ, τ ′ ) we denote as:
Taking this double Laplace transform in Eq. (37), we obtain the relation:
(39) Taking the Laplace transform over variable τ with the parameter 1/z in Eq.(33) and using the relation (39), we obtain the matrix equation:
where we introduce new matrices:
It is seen from Eq. (40), that to knowĤ(z) we are to knowĤ T (µ/α(x)). Taking z = µ/α(x) in Eq. (40), we derive the separate equation forĤ(µ/α(x)):
Thus, the system (42) plays the main role in resolvent matrix approach. Taking the transpose of Eq.(42), we derive the equation for matrixĤ T (µ/α(x)):
. 
Here z is arbitrary number. Taking z = 1/k one may obtain: 
Formulas for emerging radiation
According to Eq. (22), the vector I(0, x, µ), describing the outgoing radiation, has the form:
i.e. this expression is proportional to the Laplace transform of S(τ ) over variable τ . The vector S(τ ) is presented in Eq. (29) . The Laplace transform of this vector can be written as:
(48) Thus, expression (47) acquires the form:
Eq. (49) is general expression for outgoing radiation, where the term s(τ ) characterizes the distribution of sources of non-polarized radiation in an atmosphere. Explicit form of g(τ ) can be obtained from the model of an atmosphere (see Eq. (25)). It appears, the distribution s(τ ) (i.e. the model of atmosphere) can be approximated in the form:
For source function s h (τ ) = s h exp (−hτ ) the expression for I(0, x, µ) acquires comparatively simple form. In this case the expression for I(0, x, µ) depends onĤ(α(x)/µ) andĤ T (α(x)/µ), does not on total matrixR(τ, τ ′ ). The sources of types s n (τ ) = s n τ n are related with exponential source by the simple formula:
It means that the sources of type (50) can be considered on the base of the exponential source. Let us consider this case in detail. Taking s h (τ ) = s h exp (−hτ ) in Eq. (25), we obtain
Taking into account formula (39) for double Laplace transform of matrixR(τ, τ ′ ) and Eqs. (42) and (43), we derive from Eq.(52) the following expression:
According to relation (51) the emerging radiation I n (0, x, µ) for sources s n τ n can be derived from the expression:
To calculateĤ
′′ etc. one can use transposed Eq.(40) with z = 1/h in the form:
(55) Homogeneous source s 0 corresponds to h = 0. In this case we obtain from Eq. (53):
The emerging radiation for the source s 1 τ can be derived according to Eq.(54):
Here B 1 is the matrix:
.
(58) Analogously we can derive formulas for outgoing radiation for sources of type ∼ τ 2 , τ 3 etc. Thus, we see that the emerging radiation for sources of type (50) can be calculated, if we calculated the matrix H(µ/α(x)) and the moments of of this matrix of type (58).
The results of calculations
It is easy to check (see, for example, Ivanov 1973) that Eq.(42) for matrixĤ(µ/α(x)) can be presented as the equation for variable z = µ/α(x). The emerging radiation (see Eqs. (53), (54), (56) and (57)) depends on the productÂ(µ 2 )Ĥ(µ/α(x)) ≡Ĥ 0 (x, µ) . We prefer to derive the equation forĤ 0 (x, µ). In this case we are not related with the complex problem of approximation ofĤ(µ/α(x)) from the valueĤ(z). From Eqs. (27) and (42) we derive the following equation forĤ 0 (x.µ):
Recall, that this equation depends on one parameter β = δ + γ: (α(x) = ϕ(x) + β and P res (x) = ϕ(x)/α(x)). The definitions of these parameters are presented in Eq.(4).
The solution of Eq.(59) can be carry out by iteration method, analogous to known Chandrasekhar's (1960) method (see also Dementyev (2009) The shapes of resonance line J(x) = F I (x)/F I (0) are presented in Fig.1 (for homogeneous s 0 and linearly increasing s 1 τ sources) and in Fig.2 ( for exponentially decreasing sources s(h = 1) exp (−τ ) and s(h = 2) exp (−2τ )). In calculations we assume that all coefficients s 0 , s 1 , s(h = 1) and s(h = 2) are equal to unity. Here the function F I (x) is the flux of intensity I(x.µ) :
The value F I (x) presents the intensity flux as the function of the dimensionless frequency x. Recall, that the flux F I (x) one observes from the distant spherical stars (really one observes the value 2πR 2 ). The existence ϕ(x) in Eq. (47) means that the intensity of resonance line tends to zero for x > 3 ÷ 4. Why the flux of the resonance line has the maximum for small values of absorption parameter β? Let us bear in mind that the radiation density S I (τ ) due to diffusion of radiation increases with the growing τ . The emerging radiation with the x-frequency mainly corresponds to the optical depth α(x)τ ef f (x) ≤ 1. For the centre of a line τ ef f (0) ≃ 1/(0.564 + β). In this region the density of radiation is less than that for x >> 1 : S I (τ ef f (0)) << S I (τ ef f (x >> 1)). The radiation with x ≃ 0 escapes proportionally to small value S I (τ ef f (0)) whereas the radiation in promediate value, say x ≃ 2, is proportional to S I (τ ef f (2)). As a result, the peak of radiation arises in promediate x-value at β << 1. For larger values of x the radiation density S I (τ ) is not such large to compensate the absorption factor ϕ(x) <<< 1 and the intensity of outgoing radiation tends to zero. The value of the peak is higher for linearly increasing source s(τ ) ∼ τ . However, in this case the peak is more acute than that in the case of homogeneous source.
The exponential sources ∼ exp (−nτ ) are close to the boundary of a medium and the diffusion of radiation does not give rise to large radiation density far from the boundary. As a result, the peaks do not arise. The Fig.2 shows this.
The absolute values of intensity flux can be obtained from the function J(x) if we know the flux F I (0) and the constants s 0 , s 1 , s(h = 1), s(h = 2)...:
The upper indices denote the type of problem : n = 0 denotes the problem with homogeneous sources of radiation, n = 1 denotes the case of linearly distributed sources, h = 1 and h = 2 denote exponential sources s(h = 1) exp (−τ ) and s(h = 2) exp (−2τ ), respectively. The values F (n)
I (0) we present in Tables 1 and 2 for a number of parameters β . The value F (n) I (0) presents the flux in the centre of a spectral line. In these Tables we also present the integrals:
It is seen, that the values F I (0) and Φ int decrease with the increasing of parameter β. 
int , and F
(1)
int for homogeneous sources and sources ∼ τ . β F (0) If we observe by the telescope the intensity and polarization of radiation from the distant optically thick accretion disc, we observe the radiation fluxes: The values of 
Here R is the distance to disc, ϑ is the angle between the line of sight n and the normal to a disc N; µ = cos ϑ. The observed surface is the ring 2π ρ dρ, where the spectral line radiation emerges from the disc. In Figs. 3 ÷ 6 we give the angular distributions J int (µ) and degrees of polarization p int (µ)% for all considered types of sources, when the telescope observes the radiation in the x-interval (0,4), as a whole:
where I int (µ) and Q int (µ) are:
The angular distribution of integral radiation has the following definition:
The degree of polarization p(µ) is determined by the ratio:
Recall, that negative polarization denotes that the electric field of electromagnetic wave oscillates perpendicular to the plane (nN), i.e. parallel to the disc's plane. Such oscillations take place at multiple scattering of radiation on free electrons (the Milne problem, see Chandrasekhar 1960) .
The integral values (65) we observe by the telescope which does not resolve particular frequencies inside the spectral line. Remind, that frequencies x > 4 are blanketed by continuum radiation and by the wings of neighboring spectral lines.
In addition, in Table 3 we give the I int (0) -values for all considered types of sources. It is seen that all values decrease with increasing of the parameter β.
For homogeneous sources the angular distribution J . Apparently, this behavior is due to existence of radiation peaks for small values of β (the less is parameter β, the greater is the intensity of outgoing radiation). The total picture of angular distribution depends on two reasons -the existence of peaks and the usual dependence of emerging radiation ∼ exp (−τ /µ). The latter gives rise to greater intensity at µ = 1 compared to µ = 0. Recall, that the outgoing radiation of resonant line arises at different τ , depending on the frequency x.
The polarization of outgoing radiation mostly arises by last scattering before escape from an atmosphere. If the incident radiation is parallel to N, then degree of polarization p ∼ (1 − µ 2 ) and the wave electric field oscillates perpendicular to scattering plane (nN). If the incident radiation is perpendicular to N, then the oscillations of integral radiation corresponds to oscillations in the plane (nN). Of course, the total polarization also depends on angle ϑ(cos ϑ = µ). In general, when the intensity of incident radiation along N is much greater than that in perpendicular direction, then the total polarization of outgoing radiation has oscillations perpendicular to the scattering plane (nN), i.e. are parallel to the accretion disc. More detail consideration is presented in Dolginov et al. (1995) . Just such behavior we observe in our case. For resonance line at β = 0.001 the radiation is directed mostly along N and, as a result, we have large degree of negative polarization p int (0) = −6.38%. For β = 0.1, 0.2 and 0.3, when the incident radiation is mostly perpendicular to the plane N , the wave electric field oscillates in the plane (nN). However, this polarization is not high and acquires the maximum value ≃ 1.9% for the case β = 0.05.
For linearly increasing source the angular distribution J (1) int (µ) has more complicated form than that in the case of homogeneous source. Every curve J (1) int (µ) monotonically increases with µ → 1. However, the β -dependence differs from that for J int (1) begins increase up to value 13.85 at β = 0.3. Apparently, both mechanisms, mentioned above, work more intensive because the density of radiation S I (τ ) increases more rapidly with the optical depth τ than in the case of homogeneous sources. We see that all angular distributions have very elongated form. As a result, the polarization p • ) and monotonically decrease with the increasing of parameter β. The angular dependence and polarization for sources exp (−τ ) and exp (−2τ ) are close with one another. This is due to diffusion of radiadion which gives rise to smoothing the radiation density from initial sources located near the surface of the medium.
It is of interest that for h = 0 (homogeneous source) at β = 0 the value I(0, x, 0) does not depend on the frequency x. This follows from Eq.(56), if we recall thatĤ 0 (0) =Â(0) =Ê , α(x) = ϕ(x)+β and Tables 4 and 5 
) (x, µ) and also J (h=1) (x, µ), p (h=1) (x, µ) at µ = 0.5 (ϑ = 60
• ) for β = 0.01 and β = 0.001, correspondingly. These tables can be useful at various estimates of polarization of spectral line radiation emitted from accretion discs. For the same aim we give the Ta- for different values of parameter β. Positive p int (µ) corresponds to wave electric field oscillations parallel to the plane (nN) -the line of sight n and the normal to accretion disc N . bles 6 and 7, which characterizes the intensity and polarization in the centre of resonance line.
Conclusion
In this paper we derived the radiative transfer equation for polarized resonance line in three component medium, consisting of resonant atoms, nonresonant atoms and grain particles. This equation Figure 6 : Angular distribution J int (µ) and degree of polarization p int (µ)% for exponential source exp (−2τ ) for different values of parameter β. Positive p int (µ) corresponds to wave electric field oscillations parallel to the plane (nN) -the line of sight n and the normal to accretion disc N . generalize usual transfer equation. Most important difference is that the absorption factor in scattering term of our equation depends on frequency. The important feature of our equation is that it depends on one parameter β = δ + γ. The parameter δ describes the absorption line's energy due to destruction of excited level by collisions of atoms. The parameter γ describes the extinction of resonant radiation due to scattering on non-resonant atoms and due to absorption by dust grains. We derived the solution of transfer equation using the matrix resolvent technique. This method allows us to obtain the intensity and polarization of radiation outgoing from semi-infinite atmosphere for sources of non-polarized radiation of homogeneous, linearly increasing and exponentially decreasing types. To obtain these values one must to solve the system of non-linear equations like those for Chandrasekhar H-functions. As a result, we present the intensity and polarization degrees for models of gas -dusty atmospheres, mentioned above . Our theory and numerous figures and graphics can be applicated to Seyfert galaxies, where gas-dusty media exist, and
